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Abstract--Sufficient conditions for the uniqueness ofpositive solutions of boundary value prob- 
lems for quasilinear differential equations of the type 
(I,,'1 " -2 ,z ) '+  f (t,,,,,.,') = o, m > 2 
are established. These problems arise, for example, in the study of the m-Laplace quation in annular 
regions. 
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1. INTRODUCTION 
In this paper, we are concerned with the uniqueness of positive solutions of boundary value 
problems for the quasilinear differential equation 
([ut[m-2ut)l-~ - f (t,u,u/) : O, 81<t<02,  m>2,  (E) 
subject o one of the following sets of boundary conditions: 
u (Oi) -- ~1 _> 0, u' (82) = ~2 ~_ 0, (BC.1) 
u' (81) = ~1 _< 0, u (82) = ~2 >_ 0, (BC.2) 
u (81) : ~1 _~ 0, u (82) = ~2 _> 0, (BC.3) 
where m > 2, (01, 02) C ( -cc ,  oc) and f : (01, 02) x (0, o0) x ( -oo,  oc) ~ (0, oc) satisfies the 
following. 
(H) f(t ,  x, y) is locally Lipschitz continuous for (x, y) in (0, oc) x ( -oc ,  oo) and f(t ,  x, y) /x is 
strictly decreasing with respect o x E (0, co), for each fixed (t,y) E (01,02) x ( -co ,  oc) 
and sgn (y) f ( . , . ,  y) is decreasing in R. 
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Equations of the type (E) arise in studies of radially symmetric solutions (i.e., solutions u that 
depend only on the variable r = [x[) of the m-Laplace quation 
v-  ( Ivul  ~-~ v u) + g (Ixl,u, vu)  = 0, R0 < Ixl < n l ,  x • R N, N > 2, (El) 
with one of the following sets of boundary conditions: 
0u 
u=0,  onlx  I - -R0 and ~rr =0 '  on Ix ]=n l ,  (BCa) 
Ou 
Or O, on Ix[ /to and u O, on Ix[ = RI, (BCb) 
u = O, on [x[ =/ to  and u = O, on Ix[ = R1, (BCc) 
where r -- Ix[ and ~ denotes differentiation i  the radial direction. A radially symmetric solution 
of (El) satisfies the ordinary differential equation 
[u,[,n_2u,)' N -  1 + - -  [u'[ m-2 u' + g (t, u, u') = 0, R0 < t < R1. (E2) 
r 
With the change of variables t = r (m-N)/(m-]) (for m ~t N) or t = logr (for m = N), (E2) 
reduces to an equation of the type (E) and boundary conditions (BCa)-(BCc) reduce to (BC.1)- 
(BC.3), respectively. 
Concerning the existence of solutions of equation (E), we refer the reader to the papers by 
Kaper, Knaap, Kwong [1] and Pino, Elgueta and Manasevich [2]. 
The uniqueness problem concerning (E), for the case m = 2, has been studied by many authors 
(see, for example, [3-6]). However, it seems that very little is known for the case m ~t 2. Recently, 
Naito [7] considered the case f ( t ,u ,u  ~) = p(t)f(u), and established some sufficient conditions 
for uniqueness by using the generalized Priifer transformation and comparison theorems. The 
method of ours is absolutely different, which is due to the method of Wronskian, concerning the 
case m = 2 (see, for example, [8]). For the related results, we refer the reader to [9-12]. 
2. MAIN  RESULT  
Let u and v be two distinct positive solutions of (E). We define 
w(t) := u(t) ([v'(t)[m-2v'(t)) - ([u'(t)[m-2u'(t))v(t), fo r te  [a,b] C_ [81,92]. (1) 
It is clear that w(t) satisfies 
: u { -s  (t, v, ¢ )}  - ( - s  (t, , + u,, ,  { i.,t m-2 -t ,t m-2 } 
{ '¢''-2-'u'''-2 } 
(2) 
for t E (a, b) C_ (01,02). In order to discuss our main results, we need the following lemma. 
LEMMA 1. Let u and v be distinct positive solutions of (E)-(BC.I) in C1([81,82]) and u > v 
on (01,82), for i = 1, 2, 3. Then w'(t) < 0 in (91, 92), that is, w(t) is strictly decreasing in [91,92]. 
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PROOF. We separate the proof into the following cases. 
CASE 1. Suppose that u and v are two distinct positive solutions of (E)-CBC.1). First, we claim 
that u'(t) > v'(/;)(i> 0) in (81,82). Suppose, on the contrary, that there exists/;1 E (81,82) such 
that 
u'(t)>v'(t)(>_O), on (01,tl) and u'( t l )=v' ( t l ) (>_O).  
It follows from (2), where f(t,  x, y)/x is strictly decreasing with respect o x E (0, co) and f ( . , . ,  y) 
is decreasing in ( 0, co), that w'(t) < 0 on (01,tl). Thus, w(t) is a strictly decreasing function 
on [01, tl]. Therefore, 
0 <_ [u(tl) -v ( t l ) ]  [u'(tl)[ m-2  u'(t l )  = w(tl) 
"(W(81) =U(81) [IV/(Ol)Im-2v'(Ol) -- Itt'(Ol)lm-2u'(Ol)] <_ O, 
which gives a contradiction. Hence, we have u'(t) > v'(/;)(>_ 0) in C01,82) , which implies w'(t) < 0 
in (Ol, 82). 
CASE 2. Suppose that u and v are two distinct positive solutions of (E)-(BC.2). We claim that 
u'(t) < v'(t)(<_ 0) in (01,0~). Suppose, on the contrary, that there exists tl E (01, 02), such that 
u'(tl) = v'(tl) (_< 0) and u'(t) < v'(t) (<_ 0), on(t1,02). 
Similar to Case 1, we have that wr(t) < 0 on (tl, 02). Therefore, 
o u(O2) [Iv'(O2)l ¢(02) -lu'(O2)l u'(O2)] = w(O2) 
< w(h) = [U(tl) - V(tl)] < o, 
which gives a contradiction. Hence, we have u'(/;) < v'(t)(<_ 0) in (01,02), which implies w'(t) < 0 
in (01,02). 
CASE 3. Suppose that u and v are two distinct positive solutions of (E)-(BC.3). By virtue 
of Case 1 and Case 2, we need only consider the case u'(01) ¢ v'(01) and u'(02) ¢ v'(02). 
Without loss of generality, we may assume that (1 _< (2 (respectively, ~2 _< (1), which implies 
U'(81) > V'(81) ~ 0 (respectively, u'(O2) < v'(02) < 0): 
(I) if there exist tl, t2 E (01,02) so that u'(tl) = v'(t2) = 0. 
Since l u ' lm-% ' and Iv' l '~-2v ' are strictly decreasing in (01,02), ty and t2 are determined 
uniquely. If tl < t2, it follows from u'(01) > v'(O1) >_ 0 and u'(tl) = 0 < v'(tl) that there 
exists t3 E (01, tl) satisfying 
u'(t) > v'(t) > 0, on (01,t3) and utCt3) = v'(t3) > 0. 
It follows from (2), where J :(t,x,y)/x is strictly decreasing with respect o x E (0, co) 
and f(. ,. ,y) is decreasing in (0, co), that wt(t) < 0 on (81,t3). Thus, w(/;) is a strictly 
decreasing function on [81, ta]. Therefore, 
0 ~ [uC/;3) - vC/;3)] lu'(t3)l m-2 u'(t3) : wCt3) 
~: WCSl) ---~ ~(81) [Iv/(81)I m-2 V'(81) --lu'(81)1 ~-2 u' (81)] ~ 0, 
which gives a contradiction. If tl > 1[:2, it follows from u~(82) < v~(82) < 0 and V'(tl) ( 
0 = ut(tl) that there exists t4 E (tl, 82), such that 
U'(t4) ----V'(t4) <0 and u'(t) <v'(/;) <_0, 0n(/;4,02). 
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Similarly, we have w'(t) < 0 on (t4, 02). Thus, w(t) is a strictly decreasing function on 
[t4, 02]. Therefore, 
0 ~ u(02) [Iv'(02)l m-2 v'(02) - lu'(02)1 m-2 4(02)] = w(02) 
< w(t4) = [u(t4) -v( t4) ]  lu'(t4)lm-2u'(t4) <_ 0, 
which gives a contradiction, too. Thus, tl = t2. By Cases 1 and 2, we see that w~(t) < 0 
in (01,02). 
(II) if there exists tl e (01,02), such that u'(t l)  = 0 and v'(t) ¢ 0 in (01,02). 
It follows from u'(01) > v'(01)(>_ 0) and u'(tl) = 0 < v'(tl) that there exists t5 e (01,tl), 
satisfying 
u'(t) > v'(t) > 0, on [01,ts) and u'(ts) = v'(t5) > 0. 
Just as in the proof in (I), we get a contradiction. 
(III) if there exists t2 E (01,02), such that v'(t2) = 0 and u'(t) ~ 0 in (01,02). 
Therefore, we obtain 0 < ut(02) < v~(02) _< 0, which gives a contradiction. 
(IV) if u~(t) 7 t 0 and vt(t) 7t 0 in (01,02). 
It follows from u'(01) > vt(01)(>_ 0) and u~(02) < v~(02)(>_ 0) that there exists t6 E (01,02), 
satisfying 
u'(t) > v'(t) > 0, on[01,t6) and u'(t6) = v'(t6) > O. 
Just as in the proof in (I), we get a contradiction. 
THEOREM 2. The boundary value problem (E)-(BC.1) has at most one positive solution 
ill C1([01,021 ). 
PROOF. Assume to the contrary that u and v are two distinct positive solutions of (E)-(BC.1). 
We claim that u and v intersect in (01,02). Suppose, on the contrary, that u(t) > v(t) in (01,02). 
It follows from Lamina 1 and u~(t) >_ v'(t)(>_ 0) on [01,02] that 
0 _< [u(02) - v(02)] Iv'(02)l m-2 ¢(02) = w(02) 
[Iv'(O1)lm-2V'(O1) -- IIL'(O1)lm-2U'(O1)] ~_ O, < W(01) ----U(01) 
which gives a contradiction. Hence, there exists tl E (01,02) such that u(tl) = v(tl) > 0. 
Since u(tl) = v(tl) > 0 and u'(02) = v'(02) = (2 _> 0, there exists t2 ~ (t1,02) such that 
u(t2) = v(t2) > o. 
Now, we claim that u and v intersect in (tl,t2). Assume, on the contrary, that u(t) > v(t) 
in (tl,t2), then u'(tl) >_ v'(tl) _> 0 and 0 <_ u'(t2) < v'(t2). From Lemma 1 we see that 
0 _< u(t2) [Iv'(t2)l m-2 v'(t2) - lu'(t2)l m-2 u'(t2)] = w(t2) 
< w(tl) = U(tl) [[v'(tl)l m-2 v'(tl) -- lu'(t l) l  ra-2 u'(tl)] _< 0, 
which gives a contradiction, too. Hence, there exists t3 E (tl, t2) such that u(t3) = v(t3) > 0. 
t Repeating the same argument, we obtain a strictly decreasing sequence { n}n--3 C (tl,t2) C 
(01,02) such that tn E (tl,t.-1) and u( t . )  = v ( t . ) ,  for all n = 3 ,4 , . . . .  By the Bolzano- 
t Weierstrass theorem, we see that { n}n=3 has a accumulation point, say 7/in [tl,t~]. It is clear 
that u(r/) = v(r/) > 0 and u~(rl) = v~(r/). Since ](t, x, y) satisfies (H), it follows from the uniqueness 
of initial value problem that u(t) = v(t) in [01,02] (see, for example, [13]). 
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THEOREM 3. The boundary value problem (E)-(BC.2) has at most one positive solution 
in C1([01,02] ).
PROOF. Assume to the contrary that u and v are two distinct positive solutions of (E)-(BC.2). 
Just as in the proof of Theorem 1, we claim that u and v intersect in (81,02), Suppose, on the 
contrary, that u(t) > v(t) in (01,02). It follows from Lemma 1 and u'(t) < v'(t) < 0 on [01,05] 
tha~ 
o <_ u(O2) [Iv'(O2)l m-2 ¢(o2) -lu'(O~.)l m-2 u'(O2)] = ,.,(o2) 
< W(01) = [U(01) --V(01)] [v'(O1)lm-2v'(01) <_ O, 
which gives a contradiction. Hence, there exists tl • (01,02) such that u(tl) = v(tl) > 0. Since 
U(tl) = V(tl) > 0 and u'(02) = v'(02) = ~2 _> 0, it follows from Theorem 2 that u(t) = v(t) on 
It1,02]. Therefore, u(t) = v(t) in [01,02]. 
THEOREM 4. The boundary value problem (E)-(BC.3) has at most one positive solution in 
c1([01,02]). 
PROOF. Assume to the contrary that u and v are two distinct positive solutions of (E)-(BC.3). 
By virtue of Theorems 1 and 2, we see that u~(01) # v'(01) and uP(02) # v'(02). Without loss of 
generality, we may assume that u(t) > v(t) in (01,05). Thus, u'(01) > v'(01). Define tl and t2 
so that u'(tl) = v'(t2) = O. Similar as in the proof of Lemma 1, we have that tl = t2. Apply 
Theorems 1 and 2, we obtain u - v on [01, tl] and u - v on It1,02]. Therefore, we get the desired 
result. 
EXAMPLE 5. 
(I) It follows from Theorem 2 that boundary value problem 
( )' [u'[m'-2u ' +2[ t (1 - t ) ]Pu -P=O,  in(0,1),  p•(0 ,  oo), 
u(0) = u'(1) = 0, 
(BVP.1) 
has at most one positive solution in C 1 [0, 1]. 
(II) It follows from Theorem 3 that boundary value problem 
2(1 + m) 
( [u ' [m-2u ' ) '+~- - - t~)puP=O , in (0, 1), 
~'(0) = ~(1) = 0. 
p•  ( -oo,  1), 
(BVP.2) 
(III) 
has at most one positive solution in C 1 [0, 1]. 
It follows from Theorem 4 that boundary value problem 
( ), 1 [u'[ m-2u'  +~(u  a+u -a)  =0,  in(0,1),  
u(0) = u(1) = 0, 
a • [0, 1], 
(BVP.3) 
has at most one positive solution in CI[0, 1]. 
REMARK 6. Recently, [3-5] showed the following important results. 
THEOREM A. (See [3, Theorem 4.1].) Let k E {1,2,3 . . . .  }, p E (0,1) and h e C([0,1);[0, oo)) 
such that £ 0 < (1 - t)-Ph(t) dt < e~. 
Then 
u"(t) + ~u'(t) + h(t)u-P(t) = o, in (o, I), (E3) 
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has at least one positive solution satisfying (BC.2) in C 1 [0, 1] n C2(0, 1). 
THEOREM B. (See [4, Theorem 2].) Assume that q(t) > 0 in (0, 1) and f (u ) /u  is decreasing 
in (0, oo) and not constant in any neighborhood of u = O. Then 
u"(t) + q(t)] (u(t)) = 0, in (0, 1), (E4) 
has a unique positive solution satisfying (BC.2) in C 1 [0, 1] n C2(0, 1). 
THEOREM C. (See [5, Theorem 1].) Consider the problem 
in l), 
in ft, (BVP.4) 
on 0~, 
Au + f(x,  u) = 0, 
u_>0, u~0,  
u~0,  
and make the following assumptions: 
(1 °) for a.e. x • ~ the function u -~ f(x,  u) is continuous on [0, c~) and the function u --* 
f (x ,  u) /u  is strictly decreasing in (0, oo), and 
(2 °) for each u >_ 0 the function u --* f (x ,  u) belongs to L°°(f~). 
Then, there exists at most one solution of (BVP.4) in H~ n L°°(f~). 
Compare our uniqueness theorems with the above mentioned results, we have the following 
remarks: 
(I) the assumption " f (u) /u  is decreasing in (0, oo) and is not a constant in any neighborhood 
of u -- 0" in Theorem B is imposed to exclude the situation in which f (u)  behaves like a 
linear function in a neighborhood ofu = 0, that is, f (u ) /u  behaves like a strictly decreasing 
function near u -- 0. 
(II) The assumption "u --* f (x ,  u) is continuous on [0, oo)" in Theorem C implies f (x ,  u) ~ u p 
for p < 0. 
(III) It is clear that if f(t ,  u) is (strictly) decreasing in u • (0, co), the functions 
f ( t ,u )=h( t )u  -p, h(t)u q, u a+u -a, 
for any given p • [0, oo), q • [0, 1),c~ • [0, 1] and h • C((0, 1); [0, oo)), then f(t ,  u) satisfies 
"f(t ,  u) /u  is strictly decreasing in u." But Theorems A, B, and C can not be applied to 
most of these functions, for example, 
f ( t ,u ) -  u 1/2 and u- l  + u. 
Furthermore, Theorem A does not tell us "the uniqueness of positive solution of (E3) with 
(BC.2)." 
(IV) Our main results generalize Theorems B, C and also confirm the uniqueness of Theorem A. 
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